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Abstrat
We reonsider the study of persistent urrents in a disordered one-dimensional
ring threaded by a magneti ux φ, using he one-band tight-binding model
for a ring of N -sites with random site energies. The seular equation for the
eigenenergies expressed in terms of transfer matries in the site representation
is solved exatly to seond order in a perturbation theory for weak disorder
and uxes diering from half-integer multiples of the ux quantum φ0 = hc/e.
From the equilibrium urrents assoiated with the one-eletron eigenstates we
derive losed analyti expressions for the disorder averaged persistent urrent
for even and odd numbers, Ne, of eletrons in the ground state. Expliit
disussion for the half-lled band ase onrms that the persistent urrent is
periodi with a period φ0, as in the absene of disorder, and that its ampli-
tude is generally suppressed by the eet of the disorder. In omparison to
previous results, based on an approximate analysis of the seular equation, the
urrent suppression by disorder is strongly enhaned by a new periodi fator
proportional to 1/ sin2 2piφφ0 , for φ 6= (integer) φ0/2.
PACS numbers: 71.50.+t, 72.15.Rn, 72.15.-v, 72.20.-i
I. INTRODUCTION
An Aharonov-Bohm ux threading a metalli or semionduting ring leads
to a persistent equilibrium urrent even if the ring is disordered, provided it is of
mesosopi size smaller than the mean free path for inelasti sattering. This is a
diret onsequene of quantum oherene whih is not destroyed by elasti impurity
sattering. The persisitent urrent is periodi in the magneti ux φ with a period
given by the elementary ux quantum φ0 = hc/e (with h the Plank onstant, c the
speed of light and -e the eletron harge). The existene of persistent urrents was
predited for one-dimensional rings by Bttiker, Imry and Landauer[1℄ and has later
been observed experimentally in real three-dimensional rings by several groups[2-4℄.
Detailed theoretial investigations of the persistent urrent have appeared for one-
dimensional systems as well as for multihannel two- and three-dimensional rings
[5-28℄. Several reviews of the subjet have also been published[29-31℄.
Many of these studies were motivated by the experiment of Levy et al.[2℄
whose result for the persistent urrent averaged over an ensemble of 107 disordered
opper rings is several orders of magnitude larger than the averaged urrent alu-
lated for models taking only the sattering by random impurities into aount[14,16℄.
This led to attempts of inluding, in addition, the eet of the Coulomb intera-
tion between the diusing eletrons[15,13,20,23,26℄, whih improved the agreement
between measured and alulated persistent urrents onsiderably. However, in
other reent numerial studies it was found that Coulomb interations suppress
the persistent urrent in one-dimensional disordered systems, rather than enhaning
it[21,24,25℄.
The present paper onerns the study of persistent urrents in a one-dimensional
disordered tight binding ring threaded by a magneti ux, in the absene of eletron-
eletron interation. We reall that in previous disussions, starting with the key
paper of Bttiker et al.[1℄, the eet of the ux is desribed via the ux-modied
boundary ondition (with x the position along the one-dimensional ring of irum-
ferene L)
ψ(x+ L) = e
i2pi φ
φ0ψ(x) (1)
for the ground state wavefuntion of the system in the absene of ux[32,33℄. This
desription of the ux has been demonstrated for the Shr²dinger equation in on-
tinuous spae where the vetor potential may be eliminated by hoosing a gauge in
whih the external magneti eld vanishes in the interior of the ring [32,33℄.
We onsider a tight-binding system omposed of N one-orbital atomi sites
of spaing a on a ring threaded by a magneti ux in the diretion perpendiular to
the ring. This system is desribed by the set of dierene equations
−ei 2piN φφ0ϕn+1 − e−i
2pi
N
φ
φ0ϕn−1 + εnϕn = Eϕn , n = 2, 3, . . . , N − 1 , (2)
−ei 2piN φφ0ϕ2 − e−i
2pi
N
φ
φ0ϕN + ε1ϕ1 = Eϕ1 , (3)
−ei 2piN φφ0ϕ1 − e−i
2pi
N
φ
φ0ϕN−1 + εNϕN = EϕN , (4)
1
whih orrespond to the familiar Anderson model for a disordered ring modied
by the ux of the external vetor potential[6℄. Here ϕn is the amplitude of an
eigenstate wavefuntion at site n, E and εn are the orresponding eigenvalue and
random site energies (potentials) in units of minus a onstant nearest-neighbour
hopping parameter.
For larity's sake we now briey rederive the boundary onditions (1) for
the disrete ring desribed by equations (2-4). To this end we perform a gauge
transformation
ψn = e
i 2pi
N
φ
φ0
n
ϕn , n = 1, 2, . . . , N , (5)
to new amplitudes ψn, whih transforms the system (2-4) into
−ψn+1 − ψn−1 = (E − εn)ψn , n = 2, 3, . . . , N − 1 , (6)
−ψ2 − e−i2pi
φ
φ0ψN = (E − ε1)ψ1 , (7)
−ei2pi φφ0ψ1 − ψN−1 = (E − εN)ψN , (8)
where the eet of the ux is transferred entirely to the bond linking the sites 1 and
N . These sites are bounding the ontinuous sequene of sites n = 2, 3, . . . , N − 1
desribed by the equations (6) from whih the ux is eliminated. We now observe
that the system (6-8) is formally equivalent to
−ψn+1 − ψn−1 = (E − εn) ψn, n = 1, 2, . . . , N , (9)
with the onditions (where (10.b) is the analog of (1) taken at the origin)
ψN+1 = e
i 2pi φ
φ0ψ1 , (10.a)
ψN = e
i 2pi φ
φ0ψ0 , (10.b)
whih desribe a ux-free system dened by the N equations (9), involving N + 2
amplitudes ψn, in whih the ux enters via the boundary onditions (10.a,b). Indeed,
these boundary onditions ensure that the equations (9) for n = 1, N oinide with
(7-8). In addition, one sees that rotating all amplitudes in (9) one around the
ring (ψm → ψm+N , m = 1, 2, . . . , N) leaves these equations unhanged under the
boundary ondition
ψm+N = e
i 2pi φ
φ0ψm . (10.)
This shows that the ux modied (or twisted) boundary ondition (1) is also valid
for the disrete ring. We further reall that the similarity between the boundary
2
ondition (1) and the property of Bloh funtions in a periodi potential[1℄ (with
2pi
L
φ
φ0
playing the role of the momentum and the ring size L orresponding to the
size of the unit ell) implies a ux periodiity with period φ0 of the eigenstates and
eigenenergies, and hene of the equilibrium persistent urrent arried by an energy
level En,
In = −c∂En
∂φ
. (11)
Cheung et al. [5℄ have studied the persistent urrent in the system desribed
by equation (9) and (10.) in terms of a two steps proess: in the rst step the
ux-free ring is being ut open and deformed int o a linear hain whose Shr²dinger
equation (9) is transformed to a tight-binding Bloh wave basis [5,35℄ and is solved
in terms of a transfer matrix for amplitudes of Bloh waves travelling to the right
and to the left of the hain; in the seond step the wave amplitudes at the two ends
of the hain are further mathed by imposing the ux modied boundary ondition
(10.). This leads to an exat seular equation for the eigenenergies of the ring
involving only the ux and the total amplitude transmission oeient, t, of the
disordered hain of the rst step at energy E. Cheung et al. ombine their seular
equation with (11) to alulate the persistent urrent, by making simple ad ho
assumptions about the energy dependene of t and approximating the eet of the
disorder in the averaged transmission oeient in terms of the Landauer formula
[5℄. In the ase of weak disorder they nd a onstant, ux-independent, redution of
the amplitude of the persistent urrent with respet to its value for a perfet ring.
From a rst-priniples point of view the onstant redution of the urrent
amplitude due to the disorder obtained by Cheung et al. [5℄ is surprising. After all,
the exat expliit expressions of the transmission- and reetion oeients, t and r,
are ompliated funtions of the random site energies εj and of energy (through the
dependene on the Bloh wavenumber, k = arccos(−E/2)) [5,35℄, from whih one
may suspet the existene of a non trivial interplay of disorder and ux in persistent
urrents in the exat eigenstates.
The purpose of this paper is preisely to disuss an exat rst priniples an-
alyti alulation of the eigenenergies and persistent urrents for the ring desribed
by (2-4) in the framework of a seond order perturbation theory for weak disorder.
In partiular, we wish to study quantitatively the eet of the expeted interplay
of disorder and magneti ux on the magnitude of the persistent urrent. On the
other hand, a way of assessing the relative importane of eletron interation eets
in persistent urrents [15,13,20,21,23-26℄ in the disordered regime, is by omparing
numerial alulations with results obtained for non-interating eletrons. Exat an-
alytial results for the eet of disorder on the persistent urrent for non interating
eletrons, suh as those disussed in this paper, are learly valuable in this ontext.
The perturbation theory for the eigenenergies of the ring for weak disorder
is onveniently developed by starting from a seular equation expressed in terms of
transfer matries for the Shr²dinger equation (2-4) [or (6-8)℄ in the site representa-
tion. The seular equation for the eigenenergies of the ring as well as their expliit
determination to seond order in the random site energies are disussed in Set. II.
In Set. III we use the results of Set. II for alulating the persistent urrent av-
eraged over the disorder for a system of Ne spinless partiles in the ground state
of the tight-binding system. Our results will thus be relevant to average urrents
3
obtained from measurements for a large number of weakly disordered mesosopi
rings orresponding to dierent realizations of the disorder[2℄. The disussion of our
results for the typial low lling (Ne ≪ N) and half-lled band (Ne = N2 ) ases,
their omparison with previous work and some onluding remarks are presented in
Set. IV.
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II. TRANSFER MATRIX PERTURBATION
THEORY
Our aim is to alulate the eletroni eigenenergies of the tight-binding ring
desribed by (2-4) to suessive orders in small random utuations εi of the site
energies about a zero mean value. This amounts to hoosing the energy level of
the individual atomi sites as the zero of energy. We nd that the method based
on tranfer matries in the site-spae representation[34,35℄ is ideally suited for this
purpose sine these matries depend linearly on the energies εi.
Dening the unimodular transfer matries
Pˆn =
(−(E − εn) −e−iα
eiα 0
)
, α =
2pi
N
φ
φ0
, n = 1, 2, . . . , N , (12)
we have, from (2-4),
(
ϕn+1
ϕn
)
= e−iαPˆn
(
ϕn
ϕn−1
)
, n = 2, 3, . . . , N − 1 , (13)
(
ϕ2
ϕ1
)
= e−iαPˆ1
(
ϕ1
ϕN
)
, (14)
(
ϕ1
ϕN
)
= e−iαPˆN
(
ϕN
ϕN−1
)
. (15)
By ombining the amplitude vetor of omponents ϕN and ϕN−1, obtained by itera-
ting (13) in terms of the vetor with omponents ϕ2 and ϕ1, with (14-15), we readily
obtain the following exat equation for the eigenvalues of the ring:
detm
(
e
−i2pi φ
φ0
N∏
n=1
Pˆn − 1ˆ
)
= 0 , (16)
whih simplies to
tr
(
N∏
n=1
Pˆn
)
= 2 cos 2pi
φ
φ0
, (17)
sine the determinant of the produt of unimodular matries,
∏N
n=1 Pˆn, is equal to
unity.
For the purpose of our perturbation treatment for the eigenvalues for weak di-
sorder we rst disuss the solutions of (17) in the absene of disorder.
In this ase
N∏
n=1
Pˆn ≡ PˆN , with Pˆ =
(−E0 −e−iα
eiα 0
)
, (18)
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where E0 denotes eigenenergies of the perfet ring. In order to determine the ele-
ments of the matrix PˆN we diagonalize Pˆ by means of a similarity transformation.
The eigenvalues of Pˆ are
λ1,2 =
1
2
(
−E0 ±
√
E0 2 − 4
)
, (19)
whih may be rewritten in the form
λ1,2 = e
±i s , (20)
with
E0 = −2 cos s . (21)
The similarity transformation whih diagonalizes Pˆ is dened by the non-unitary
eigenvetor matrix
Uˆ =
(
ei(s−α) e−i(s+α)
1 1
)
, with Uˆ−1 =
eiα
2i sin s
(
1 −e−i(s+α)
−1 ei(s−α)
)
. (22)
Using the fat that
(
Uˆ−1Pˆ Uˆ
)
ij
= λiδi,j, i = 1, 2, we then obtain from (21) and
(22),
Pˆm = Uˆ
(
Uˆ−1Pˆ Uˆ
)m
Uˆ−1 =
1
sin s
(
sin(m+ 1)s −e−iα sinms
eiα sinms − sin(m− 1)s
)
. (23)
In the absene of disorder the eigenvalue equation (17) then redues to
cosNs = cos
2piφ
φ0
, (24)
whih leads to the energy levels
E0k(φ) = −2 cos
2pi
N
(
k +
φ
φ0
)
, (25)
using (21), and to the orresponding equilibrium urrents (equation (11))
I0k = −
2e
Nh¯
sin
2pi
N
(
k +
φ
φ0
)
, (26)
where k = 0, ±1, ±2, . . . . These results oinide with those obtained earlier by
Cheung et al.[5℄ for the perfet tight-binding ring. For levels with |k| ≪ N the
energies (25) as a funtion of φ/φ0 grow quadratially with φ/φ0 away from minima
at φ/φ0 = −k, k = 0, ±1, . . . . For suh levels therefore, the energy spetrum
is similar to the familiar free partile spetrum omposed of interseting parabolas
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whose ordinates inrease as a funtion of φ/φ0 away from their respetive verties
at 0, ±1, ±2, . . . [5℄.
We proeed with the solution of (17) for weak random utuations of the site
energies where we expand the equation to suessive orders in the εi and obtain the
orresponding rst and seond orders orretions, E
(1)
k and E
(2)
k , for the perturbed
energy levels,
Ek = E
0
k + E
(1)
k + E
(2)
k + · · · , k = 0, ±1, . . . . (27)
The transfer matries Pˆn are split into unperturbed and perturbed parts:
Pˆn = Pˆ + Vˆn ≡ Pˆ − (∆E − εn)
(
1 0
0 0
)
, (28)
where
∆E = E(1) + E(2) + · · · , (29)
and the matrix produt,
∏N
n=1 Pˆn, is expanded to quadrati order in the quantities
∆E − εn. This yields
N∏
n=1
Pˆn = Pˆ
N +
N∑
m=1
Pˆm−1 Vˆm Pˆ
N−m
+
N∑
n=2
n−1∑
m=1
Pˆm−1 Vˆm Pˆ
n−m−1 Vˆn Pˆ
N−n + · · · . (30)
By inserting this expression in (17), using (23), and equating the two sides of the
equation order by order we obtain, after some straightforward algebra,
E
(1)
k = E
(1) =
1
N
N∑
n=1
εn , (31)
and
E
(2)
k =
1
N sin qk sinNqk
N∑
n=2
n−1∑
m=1
(E(1) − εm)(E(1) − εn).
sin(n −m)qk. sin(N − n +m)qk , (32)
where
qk =
2pi
N
(
k +
φ
φ0
)
. (33)
Clearly, the weak disorder perturbation theory breaks down at ux values equal to
half-interger multiples of the ux quantum φ0 where (32) diverges. Suh divergenies
are familiar[19℄ in other perturbative studies of persistent urrents[13,14,16℄.
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III. AVERAGED PERSISTENT CURRENT
The random eigenenergy orretions (31) and (32) are easiest to analyse
through low order moments. Here we shall onsider only the averaged eigenenergies
and the orresponding averaged persistent urrents. These are relevant to experi-
ments obtaining the persistent urrents in a large number of idential mesosopi
rings orresponding to dierent realizations of the disorder[2℄. In averaging the
eigenenergies (27) we assume a site energy disorder in the form of gaussian white
noise with a orrelation
〈εi εj〉 = ε20 δi,j . (34)
From (31) and (32) we thus obtain 〈E(1)k 〉 = 0 and
〈E(2)k 〉 = −
ε20
N2 sin qk sinNqk
N∑
n=2
n−1∑
m=1
sin(n−m)qk sin(N − n+m)qk . (35)
By performing the nite summations over sites in (35) we nally get
〈E(2)k 〉 =
ε20
4 sin qk
[(
1 +
1
N
)
cotNqk − 1
N
cot qk
]
, k = 0, ±1, ±2, . . . . (36)
From (11), (25) and (36) we then obtain the averaged urrent from the level Ek
〈Ik〉 = − e
Nh¯
{
2 sin qk − Nε
2
0
4 sin qk
·[(
1 +
1
N
)(
1
sin2 2piφ
φ0
+
1
N
cot
2piφ
φ0
cot qk
)
+
1
N2
(
1 + 2 cot2 qk
)]}
, (37)
whih redues to
〈Ik〉 = − e
Nh¯

2 sin 2pi
N
(
k +
φ
φ0
)
− Nε
2
0
4 sin2 2piφ
φ0
1
sin 2pi
N
(
k + φ
φ0
)

 ,
k = 0, ±1, . . . , (38)
by dropping terms of order
1
N
and
1
N2
in the square brakett of (37).
In order to obtain the total averaged persistent urrent 〈I〉 for a system of Ne
eletrons in the ground state at a given φ/φ0 we must sum the ontributions from
the lowest oupied levels at the onsidered ux value. For simpliity we ignore
spin and assume that a level may be oupied only by one eletron. As is well
known the urrent is dierent for even and for odd numbers of eletrons[5℄. We rst
onentrate on the ontribution to the total urrent from the zeroth order levels
orresponding to the non-disordered system. For odd Ne and for values of ux in
the interval −1
2
≤ φ
φ0
< 1
2
this ontribution, I(0), is obtained by summing the one-
eletron urrents (26) from k = −Ne−1
2
to k = Ne−1
2
. The fat that these values of k
8
orrespond to the Ne lowest levels of the spetrum in the onsidered range of uxes
is easily veried e.g. in the free partile-like limit of (25) where the eigenernergies
redue to interseting parabolas whose verties on the φ-axis orrespond to integer
values of φ/φ0. One nds in this ase[5℄
I(0) =
(Ne−1)/2∑
k=−(Ne−1)/2
I0k = −I0
sin 2piφ
Nφ0
sin pi
N
≃ −2 φ
φ0
I0 , (39)
where
I0 =
e vbF
N
, with vbF =
2
h¯
sin
pi Ne
N
. (40)
The meaning of the veloity vbF is lear: its value oinides with the quantity
N
h
∂E0
k
∂k
∣∣∣∣
k=Ne/2
whih is the band veloity at an energy just above the highest oupied
level, that is a veloity lose to the veloity at the fermi level. It may also be simply
related to a fermi veloity as follows. Consider a non-disordered linear tight-binding
hain whose eletroni states are desribed by the equation−V (ϕn+1+ϕn−1) = E ϕn
for a system of N sites. In the ontinuum limit
(a → 0) this equation beomes (with x = na) −a2V d2ϕ(x)/dx2 = (E − 2V )ϕ(x),
whih is the Shr²dinger equation for a free partile of mass m = h¯2/(2V a2). In this
limit the fermi veloity for a system of Ne eletrons is
vF = h¯kF/n =
2V
h¯
Nepi
N
(with kF = Nepi/(Na)) the fermi wavenumber). This
shows that vF is the limiting value of the band veloity in (40) for low band lling,
Nepi ≪ N . This disussion shows that I0 is the urrent assoiated with a single ele-
tron of veloity vbF at the fermi level (or of fermi veloity vF for low band lling). This
is the well-known manifestation of the strong ompensation of the ontributions to
the persistent urrent from suessive oupied levels of the system, with the result
that the total urrent is approximately equal to the urrent from the highest oupied
level.
Similarly, from the struture of the level spetrum (25), it follows that for
even Ne states for 1 ≤ φ/φ0 < 0 the Ne lowest oupied states orrespond to
k = 0, ±1, ±2, . . . , ± (Ne
2
− 1) , −Ne
2
. In this ase one thus obtains[5℄
I(0) = −I0
sin
[
pi
N
(
2φ
φ0
− 1
)]
sin pi
N
≃ −
(
2φ
φ0
− 1
)
I0 . (41)
Obviously the strong ompensation of ontributions from adjaent levels to
the pure system urrent shown by (40-41) does not our when summing the eet
of the disorder in (38) for the suessive oupied levels. Thus, unlike for the on-
tribution from the non-disordered energy levels, we expet to obtain a reasonable
estimate of the eet of the disorder on the averaged urrent by approximating the
disrete sum over oupied levels by an integral. More preisely, we shall use the
Euler-MaLaurin summation formula[36℄:
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n−1∑
k=1
fk ≃
∫ n
0
f(k)dk − 1
2
[f(0) + f(n)] , (42)
where we have inluded only the leading integrated terms[36℄.
For odd Ne and −12 ≤ φφ0 < 12 where the summation over oupied levels runs
over k = 0, ±1, . . . , ± (Ne−1
2
)
we obtain, by applying (42),
∑
k
1
sin 2pi
N
(
k + φ
φ0
) = −1
2
(
1
sin r+
− 1
sin r−
)
− N
4pi
ln
(1 + cos r+)(1− cos r−)
(1− cos r+)(1 + cos r−) ,
(43)
where
r± =
pi
N
(
Ne + 1± 2 φ
φ0
)
. (44)
In the ase of even Ne, for 0 ≤ φ/φ0 < 1, the summation over k is over the values
k = 0, ±1, . . . , ± (Ne
2
− 1) and −Ne
2
and we nd
∑
k
1
sin 2pi
N
(
k + φ
φ0
) = −1
2
(
1
sin s+
+
1
sin s−
)
− N
4pi
ln
(1 + cos s+)(1− cos s−)
(1− cos s+)(1 + cos s−) ,
(45)
where
s± =
pi
N
(
Ne ± 2 φ
φ0
)
. (46)
After some simpliation of the disorder ontributions the expressions for the total
averaged urrent, 〈I〉 = ∑k〈Ik〉 given by (38), (39) and (43-44) for odd Ne and by
(38), (41) and (45-46) for even Ne, respetively, redue nally to (with kF =
pi Ne
Na
)
〈I〉 = −I0
{
sin 2piφ
Nφ0
sin pi
N
+
N ε20
8 sin2 2piφ
φ0
sin kFa
.
[
cos(kFa+
pi
N
) sin 2piφ
Nφ0
sin2 2piφ
Nφ0
− sin2 (kFa + piN ) +
N
2pi
ln
(
sin
(
kFa+
pi
N
)− sin 2piφ
Nφ0
sin
(
kFa+
pi
N
)
+ sin 2piφ
Nφ0
)]}
for odd Ne,−1
2
<
φ
φ0
<
1
2
, φ 6= 0 , (47)
and
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〈I〉 = −I0


sin
[
pi
N
(
2φ
φ0
− 1
)]
sin pi
N
− N ε
2
0
8 sin2 2piφ
φ0
sin pi Ne
N
.
[
sin kFa cos
2piφ
Nφ0
sin2 2piφ
Nφ0
− sin2 kFa
− N
2pi
ln
(
sin kFa− sin 2piφNφ0
sin kFa+ sin
2piφ
Nφ0
)]}
for even Ne, 0 <
φ
φ0
< 1, φ 6= 1
2
. (48)
The formulae (47-48) together with (32) and (37) are the main results of the present
paper.
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IV. DISCUSSIONANDCONCLUDINGREMARKS
In disussing the averaged persistent urrents (47) and (48) we onsider su-
essively two limits for the so-alled band lling fator Ne/N : the ase of low
lling,
pi Ne
N
≪ 1, Ne ≫ 1 , and the half-lled band ase, Ne = N/2, for even
N . For pi Ne ≪ N , one easily veries that the disorder orretions in (47-48) are of
opposite signs to those of the perfet systems urrents i.e. the disorder suppresses
the persistent urrent. On the other hand, in the half-lled band ase, Ne =
N
2
, we
obtain suessively from (47) and (48)
〈I〉 = −I0 2φ
φ0
(
1− N ε
2
0
8 sin2 2piφ
φ0
)
,
for odd Ne, −1
2
<
φ
φ0
<
1
2
, φ 6= 0 , (49)
and
〈I〉 = −I0
(
2φ
φ0
− 1
)(
1− N ε
2
0
8 sin2 2piφ
φ0
)
,
for even Ne, 0 <
φ
φ0
< 1,
φ
φ0
6= 1
2
, (50)
to leading order in
2pi
N
φ
φ0
. The equation (49-50) show that for the half-lled band
ases the eet of the disorder is simply to multiply the perfet system urrent by
a periodi ux dependent redution fator of period φ0/2. This redution fator
does not alter the periodiity with period φ0 of the original perfet system urrent
disussed in[5-7℄. We reall that the redution of the urrent due to the disorder has
a simple interpretation in terms of level repulsion aused by the random impurity
potential. Consider, for simpliity, the limit where the onduting eletrons are free
and the energy level spetrum as a funtion of φ/φ0 is omposed of interseting
parabolas. As is well-known, the one-body impurity potential auses level repulsion
whih leads to the replaement of the free parabola rossings by avoided rossings.
The latter are more at than the original true rossings, whih leads to a redution
of the urrents 〈Ik〉 = −c∂〈Ek〉/∂φ near them, aused by the interation with the
impurities.
The expression (49-50) for weak randomness dier remarkably from the or-
responding results of by Cheung et al.[5℄. While our results are obtained from an
exat solution of the seular equation (17) to seond order in the random site en-
ergies for weak randomness, those of Cheung et al. [5℄ follow from an approximate
study of their exat eigenvalue equation
Re
(
1
t
)
= cos 2pi
φ
φ0
, (51)
obtained from (9) and (10.) after transforming to a Bloh wave representation as
disussed in Set. I. We reall that t is the omplex transmission oeient at energy
E aross a disordered linear hain of length Na obtained by utting the ring open.
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From simple but rude assumptions about the energy dependene of t Cheung et al.
derive an expression for the urrent from a level Ek whih may be approximated by
Ik ≃ I0|t| [5℄. For a half-lled band, assuming that the total urrent in the presene
of disorder is approximately equal to −(2φ/φ0 −1) times the urrent arried by the
last oupied level they obtain[37℄
〈I〉 = −
(
2φ
φ0
− 1
)
I0〈|t|〉 , (52)
where 〈|t|〉 is the averaged transmission oeient measured at the fermi level whih
may be related to the loalization leength by using the Landauer formula. For weak
disorder 〈|t|〉 is thus found to deay as N ε20 (in our notations[38℄), with a onstant
oeient, from the value one for the ordered system (See Set. III.C of [5℄). In
ontrast the exat weak disorder eet in (50), whih is also proportional to Nε20,
varies strongly with the ux, as 1/ sin2 2piφ
φ0
. The strong ux dependene of the
disorder eet in the persistent urrent (49-50) shows that the approximations used
by Cheung et al. [5℄ in solving (51) are insuient, at least for the ase of weak
disorder.
In disussing the magnitude of the eet of the disorder in (49-50) relative
to the perfet system urrent, it is useful to reall the domain of validity of these
perturbative expressions. This domain is determined by:
1. the ondition, |ε0| ≪ 1, of smallness of the amplitude utuations of the site
energies relative to the hopping parameter in (2-4)
2. the inequality
√
〈E(1) 2〉 ≪ ∆, whih expresses that the typial shift of energy
levels due to disorder must be small ompared to the spaing ∆ of energy levels
at zero ux at the fermi surfae[5,7℄. From (25) we have ∆ = 4pi
N
. sin kFa, and
by using (31) and (34) this ondition redues to
√
N |ε0| ≪ 4pi , (53)
in the half-lled band ase. This implies that within the perturbative domain
the disorder term in the brakett of (50) may be enhaned to values of order
unity by the fator 1/ sin2 2piφ
φ0
, for uxes suiently lose to multiples of φ0/2.
For oddNe this leads to a strongly enhaned suppression of the urrent near φ = ±φ02
while for even Ne a similar enhaned suppression ours near φ = 0 and near
φ = ±φ0. Suh large eets of a weak disorder may exist only for mesosopi
rings sine e.g. for |ε0| = 0.1 values of N ompatible with (53) would be restrited
to N ∼ 102.
We onlude by suggesting that important modiations of the amplitude of
persistent urrents in disrete rings due to the interplay of disorder and magneti
ux may also exist for more realisti multihannel disordered rings as well as for
models inorporating Coulomb interation. In view of the persisting disagreements
between alulated and measured persistent urrents in metalli rings (see Set. ÊI)
suh eets would seem to deserve further detailed study.
13
Referenes
[1℄ M. Bttiker, Y. Imry, and R. ÊLandauer, Phys.Lett. 96A, 365 (1983).
[2℄ L.P. Levy, G. Dolan, J. Dunsmuir, and H. Bouhiat, Phys.Rev.Lett. 64, 2074
(1990).
[3℄ V. Chandrasekkar, R.A. Welb, M.J. Brady, M.B. Kethen, W.J. Galager, and
A. Kleinsasser, Phys.Rev.Lett. 67, 3578 (1991).
[4℄ D. Mailly, C. Chapelier, and A. Benot, Phys.Rev.Lett. 70, 2020 (1993).
[5℄ H.F. Cheung, Y. Gefen, E.K. Riedel, and W.H. Shih, Phys.Rev. B37, 6050
(1988).
[6℄ N. Trivedi, and D.A. Browne, Phys.Rev. B38, 9581 (1988).
[7℄ H.F. Cheung, Y. Gefen, and E.K. Riedel, IBM J.Res.Develop. 32, 359 (1988).
[8℄ H.F. Cheung, and E.K. Riedel, Phys.Rev. B40, 9498 (1989).
[9℄ H.F. Cheung, E. Riedel, and Y. Gefen, Phys.Rev.Lett. 62, 587 (1989).
[10℄ O. Entin-Wohlmann, and Y. Gefen, Europhys.Lett. 5, 447 (1989).
[11℄ H. Bouhiat, and G. Montambaux, J.Phys. (Paris) 50, 2695 (1989).
[12℄ G. Montambaux, H. Bouhiat, D. Sigeti, and R. Friesner, Phys.Rev. B42, 7647
(1990).
[13℄ A. Shmid, Phys.Rev.Lett. 66, 80 (1991).
[14℄ B.L. Altshuler, Y. Gefen, and Y. Imry, Phys.Rev.Lett. 66, 88 (1991).
[15℄ V. Ambegaokar, and U. Ekern, Phys.Rev.Lett. 65, 381 (1990).
[16℄ F. von Oppen, and E.K. Riedel, Phys.Rev.Lett. 66, 84 (1991).
[17℄ H. Bouhiat, G. Montambaux, and D. Sigeti, Phys.Rev. B44, 1682 (1991).
[18℄ O.N. Dorokhov, Zh.Eksp.Teor.Fiz. 101, 966 (1992) [Sov.Phys.: JETP 74, 518
(1992)℄.
[19℄ A. Altland, S. Iida, A. Mller-Groeling, and H.A. Weidenmller, Euro-
phys.Lett. 20, 155 (1992).
[20℄ A. Mller-Groeling, H.A. Weidenmller, and C.H. Lewenkopf, Europhys.Lett.
22, 193 (1993).
[21℄ M. Abraham, and R. Berkovits, Phys.Rev.Lett. 70, 1509 (1993).
[22℄ P. Kopietz, Phys.Rev.Lett. 70, 3123 (1993).
[23℄ A. Mller-Groeling, and H.A. Weidenmller, Phys.Rev. B49, 4752 (1994).
[24℄ G. Bouzerar, D. Poilblan, and G. Montambaux, Phys.Rev. B49, 8258 (1994).
14
[25℄ H. Kato, and D. Yoshioka, Phys.Rev.B R50, 4943 (1994).
[26℄ G. Vignale, Phys.Rev. B50, 7668 (1994).
[27℄ W.C. Tan, and J.C. Inkson, Phys.Rev. B60, 5626 (1999).
[28℄ X. Chen, Z.Y. Deng, W. Lu, and S.C. Shen, Phys.Rev. B61, 2008 (2000).
[29℄ U. Ekern, and P. Shwab, Adv.in Phys. 44, 387 (1995).
[30℄ Y. Imry, Introdution to Mesosopi Physis (Oxford University Press, Oxford,
1997).
[31℄ K. Efetov, Supersymmetry in Disorder and Chaos (Cambridge University Press,
Cambridge, 1997).
[32℄ N. Byers, and C.N. Yang, Phys.Rev.Lett. 7, 46 (1961).
[33℄ F. Bloh, Phys.Rev. 137, , A787 (1965); ibid. 166, 415 (1968); ibid. B2 , 109
(1970).
[34℄ J.M. Luk, Systemes Desordonnes Unidimensionnels (Alaa, Salay, 1992).
[35℄ J.B. Pendry, Adv.Phys. 43, 461 (1994).
[36℄ J. Mathews, and R.L. Walker, Mathematial Methods in Physis (W.A. Ben-
jamin, Menlo Park, California, 1973).
[37℄ The disussion of the persistent urrent for weak disorder for φ/φ0 = 1/4 by
Cheung et al.[5℄ may be readily extended to arbitrary typial values of ux. In
this ase one assumes that, like for the pure system, the total urrent is given
by −(2φ/φ0 − 1) times the urrent of the last oupied level. This generalizes
the orresponding assumption of Cheung et al. for the ase φ/φ0 = 1/4.
[38℄ The relation between the retangular distribution of width W for the site en-
ergies used in [5℄ and the gaussian parameter ε0 is obtained by identifying the
seond moment of this distribution with ε20 = 〈ε2j〉, j = 1, . . . , N . This yields
ε20 = W
2/12.
15
